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Abstract 
Chirped signals occur frequently in nature and in engineering applications, making the detection of such 

signals a significant and important problem. In this paper. we treat the problem of detection of a chirp in noise 
from the point of view of Bayesian estimation. A brief overview of Bayesian estimation is presented before it 
is applied to dection of chirp. After the general equations are derived, the special case where the inter-sample 
interval is constant is analysed. It is shown that in this case substantial computational savings can be achieved 
by appropriate organization of the calculation and the use of Fast Fourier Transform routines. Some results on 
simulated data are described, which show that the alogrithm performs well when the signal-to-noise ratio is as 
low as -7 dB and when the chirp rate is of the order of 5 x 10-6rad/ sec2

• 

1 Introduction 
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Chirped signals occur frequently in nature and in engineering applications. making the detection of such signals a 
significant and important problem. 

Jaynes [1] has discussed the detection of a chirp in noise in the context of Bayesian inference. His approach was 
analytical, and did not lend itself to implementation in the form of computer programs. Our approach is different, 
in that we seek effective algorithms for the detection of chirp in noisy signals. 

Bretthorst [2) has discussed and implemented a general algorithm for spectrum analysis that can be applied 
to chirp detection. Our approach is similar to his, but is tailored to the specific problem of detecting chirp from 
sampled time series data, which makes significant computational economies possible. 

In this paper. we present a brief overview of the process of Bayesian estimation. This process is then applied 
to the problem of detecting chirp in noise. After the general equations are derived, the special case where the 
inter-sample interval is constant is analysed. It is shown that in this case substantial computational savings can 
be achieved by appropriate organization of the calculation and the use of Fast Fourier Transform routines. Some 
results on simulated data are described. 

2 Bayesian Estimation 
Bayesian estimation of the parameters of a statistical model is an alternative to the more conventional estimation 
methods that are based on san1pling theory. 

Bayesian estimation begins with the adoption of a class of statistical models, in the form of a set of probability 
density functions, that is characterized by a set of parameters. A prior probability distribution is chosen for this 
set. This distribution is supposed to represent a priori knowledge about the problem. 

(The choice of a prior distribution is probably the most controversial and least understood aspect of Bayesian 
estimation. For our purposes. it is sufficient to consider it as a preliminary hypothesis about the problem, which 
will be refined in the light of observed data.) 

To estimate the parameters of the relevant distribution, we collect some data. We can then compute the 
likelihood of the data on the basis of any model in our class. This gives the l·ikelihood function of the data, which 
is a function of the parameters that characterize the model class. 

The product of the prior distribution and the likelihood function gives (by Bayes· Theorem) the posterior 
probability distribution on the class of models. This distribution then describes what is known about the problem 
in the light of the observed data. 

Parameters which are not of interesr I n·uisance parameters) are eliminated by integrating the posterior distri-
bution with respect to them over their range. Estimates of the parameters of interest are obtained as the first 
moments of the posterior distribution with respect to these parameters. These estimates minimize the expectation 
of the cost of the estimate when the co:e:r function is a quadratic function of the error. 
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In the following sections, we apply this process to the detection of a chirp in noise. We will choose a model 
class, propose a prior distribution for the parameters, and compute the likelihood function and the posterior 
distribution. We will discuss the way in which nuisance parameters are eliminated and the process by which the 
parameters of interest are estimated. 

3 Definitions 
We search for a chirp of the form 

s(t) = Acos(6 + wt + at2
) {1) 

in noise, which is assumed to be Gaussian with mean 0 and variance V. We will derive estimates for wand a, but 
not for the phase angle 8, which will be treated as a nuisance parameter. The amplitude, A, will also be treated 
as a nuisance parameter. 

We assume the signal has been sampled at N points in time, to, ... , tN-1 (not necessarily equally spaced), and 
that the resulting observations are xo, ... , XN -1, so that Xk = s(t~c) + ek, where e~c is the noise. 

We introduce the vectors x = (xo, ... , XN-dT, c =(eo, ... , CN-t)T,s =(so, ... , SN-1)T, where c~c = cos(wt~c + 
at%) and s~c = sin(wt~c +at%) fork= 0, ... , N -1. 

We will use a centred dot for the the usual inner product, so that. for example, c · s = 2::,:01 c~csk. 

4 The Likelihood Function 
On the assumption that the noise is Gaussian with mean 0 and variance V, the likelihood of the observations is 

N-1 

L(xiA,8,w, a, V)= IT (21rV)-t/2 exp ( -eV2V). (2) 
k=O 

We can re-write the likelihood of the observations as 

L(xiA.O.w. a, V)= (21rV)-N12 exp (-}; eV2V). {3) 

Since ek = Xk- s(t~c) = Xk- A(cos8.c,.- sinO.s~c), 

N-t 

L ei = (x- Acos8.c + Asin8.s) · (x- AcosO.c + Asin6.s). (4) 
k=O 

We replace the parameters A and 8 by the parameters At and A2, where At = A cos I} and A2 = -A. sin 8. We 
have A;:::: 0 and 0 ~I}< 27T, so -oo <At < oo and -oo < A2 < oo. With this substitution, 

N-1 

Le~= (x- Ate- A2s) · (x- Ate- A2s). (5) 
k=O 

This is a quadratic form in At and A2, 

This can be re-written as 

where 

and 

In matrix notation. 

Summer 1996 

(x · c)(s · s)- (x · s)(c · s) 
p= (c·c)(s·s)-(c·s)2 

(x · s)(c ·c)- (x · c)(c · s) 
q= ( c · c)( s · s) - ( c . s )2 

Y = x · x- p2c · c- 2pqc · s- q2s · s. 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 
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Y does not involve At or A2 • There is a matrix corresponding to a rotation through some angle <P which will 
diagonalize the matrix above: 

( 
c · c c · s ) = ( c?s rp - sin <P ) ( At 
c · s s · s sm rjJ cos <P 0 

0 ) ( cosrjJ sin</J ) 
A2 - sin rjJ cos rp ' (12) 

where At and A2 are the eigenvalues of the matrix. about which the only relevant information is that 

(13) 

It follows that if we make the substitution 

{14) 

we diagonalize the quadratic form, and 

{15) 

Having simplified the quadratic form in At and A2 , we now obtain an expression for Y. As shown above, 

Y = x · x- p2c · c - 2pqc · s- q2s · s. (16) 

Substituting for p and q, and simplifying, we get 

(s. s)(x · c)2 - 2(c · s){x · c)(x · s) + (c · c)(x · s)2 
Y=x·x- , (c·c)(s·s)-(c·s)2 (17) 

which we re-write using matrix notation as 

Y=x·x- ( x·c X. S ) ( C · C C · S ) -t ,( X· C ) . 
C·S S·S X·S 

(18) 

The likelihood function is now 

(19) 

where the quadratic form Q( A1 , A2) is given by the preceeding equations. 

5 The Prior and Posterior Densities 
As indicated above, the choice of a prior density function for the model class cannot be justified rigorously. The 
only justifications that will be offered for the prior density presented below are the pragmatic ones that it works in 
this situation and in analogous situations, and that the results are insensitive to changes in the density function. 

The prior density that will be used is 

(20) 

The posterior density is the product of the prior density and the likelihood function. so 

(21) 

Putting the powers of V together. we get 

(22) 

6 Elimination of the Nuisance Parameters 
We are only concerned with estimates of the chirp parameters w and a. The amplitude, phase angle and variance 
of the noise are nuisance parameters which are eliminated by integrating che posterior density with respect to 
these variables with respect to their range. For simplicity, we work with A.1 and A2 instead of A and 0. 

The posterior density of w and f) alone is 

(23) 
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We substitute for p 1 and re-arrange the integral to get 

(24) 

If we make the substitution 

( 
B1 ) ( cos cp sin cp ) ( A1 - p ) , 
B2 - - sin cp cos cp A2 - q (25) 

the determinant of the Jacobian is unity, and so 

We re-arrange the integral again to obtain 

p(w,a) = (211")-Nf21oo v-(N+3)/2e-Yf2V loo e-~lBU2V dB11oo e-~2B?/2V dB2dV, (27) 
0 -oo --x> 

and observe that the integrands of the integrals with respect to B1 and B2 are Gaussian density functions, so that 

or 

p(w,a) = (211")-N/21oc v-(N+3)/2e-Y/2V211"V(..\1,.\2)-1/2dV, 

p(w,a) = (211")-(N-2)/2(,.\1,.\2)-1/21
00 

v-(N+1)/2e-Yf2V dV. 

Substituting u = v-1 , we get 

p(w,a) = (211")-(N-2)/2(,.\1,.\2)-l/21oo u<N-3)/2e-uY/2du. 

Consulting a table of integrals ((3),3.381,4), we find that the value of this expression is 

p(w,a) = (2n)-<N-2ll2f((N -1)/2)(..\1..\2 )-112 (Y/2)-(N-ll/2 , 

' 
where r denotes the Gamma function. 

7 Computation of the Estimates 

(28) 

(29) 

(30} 

(31) 

If we wish to make estimates which minimize the expected loss when the loss function is quadratic, our estimates 
should be the mean values of the chirp parameters. In this case, the estimates of w and a are given by 

• f~af:.,. p(w, a)wdwda 
w= 2 

f~a J0 .,. p(w, a)dwda 
(32) 

and 
• f~a J:.,. p(w, a)adwda 
a= 2 , 

f~a J0 .,. p( w, a )dwda 
(33) 

where it is assumed that there is some number a > 0 such that -a < a < a. 
It is possible to evaluate these integrals numerically, but the large value of the exponent of Y can result in 

values of the order of 10100 even for small samples. 
The alternative is to compute Maximum A Posteriori (MAP) estimates, by finding the extreme value of the 

posterior density function. The large numbers arising from the exponentiation of Y can be avoided by considering 
the logarithm of the posterior density function. 

Computing the estimates therefore requires the efficient computation of the values of the posterior density 
function over the range of values of w and a . 

So far, we have not made any assumptions about sampling times. The analysis is applicable to any sampling 
process. To simplify the computations. we need to assume that samples are taken at regular intervals. This will 
greatly reduce the amount of computation required. Before we describe this . however, we will digress briefly to 
discuss detection of sinusoids (without chirp) in order to motivate the computational strategy adopted for the 
detection of chirp. 
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8 Detection of Sinusoids in Noise 
Bretthorst [2] has given a comphrehensive discussion of the problem of detection of sinusoids in noise. The following 
discussion is similar in spirit, but relates specifically to the case of a fixed sampling interval. 

The analysis of the previous sections has not made any use of the specific form of the dependence of the signal 
on time. It could be carried out for a sinusoidal signal of the form 

s(t) = Acos(O + wt) (34) 

without any change, except for the definitions of the vectors c and s. In particular, the expression for Y is the 
same. 

Let us now assume that the number of data samples is a power of 2, N = 2P for some positive integer P and 
that the sampling rate is constant. The expression for Y that we derived before is 

( ) 
-1 ( ) C·C C•S X·C Y=x·x-(x·c x·s) . . 

C•S S·S X·S 
(35) 

Under the assumption that the sampling rate is constant, c · c = N/2, and s · s = N/2 (except when w = 0.11') 
and c · s = 0. The terms x · c and x · s are the real and imaginary parts, respectively. of the inverse Discrete 
Fourier Transform of x, which can be computed using a Fast Fourier Transform routine. It follows that 

y = (x. x) (1- 2((x· c)2 + (x. s)2)) 
N(x·x) 

where Y, c and s are all functions of w. and 

These equations hold for w :f. 0, 1r. 

(36) 

(37) 

Bretthorst [2] has shown that if the noise power is unknown, the power spectral density of the signal is given 
by 

(38) 

This relationship has been used for the detection of sinusoids in noise and has been found to be extremely 
sensitive on simulated data, detecting sinusoids from a set of 256 samples when the signal to noise ratio is as low 
as -7dB. 

9 Computing the MAP Estimates 
Returning to the estimation of the chirp parameters, we have to compute the values of Y and A11\ 2 over the range 
of values of w and a. We will assume that N = 2P samples have been taken and that the inter-sample interval is 
D..t, so that tk = kt::..t fork= 0, ... , (N- 1). 

For any value of a. we can compute the value of the posterior density function at N v-alues of w as follows. Let 

and 

N-1 

(x ·cl( m, a) = L Xk cos(kmp + ak2 (t::..t) 2
) 

k=O 

N-1 

(x·s)(m,a) = L Xksin(kmp+ak2 (D..t) 2
) 

k=O 

(39) 

(40) 

be the value of the indicated inner products when w = m/ N tlt, where m = 0, ... , ( N - 1) and p = 2rr f N. 
We observe, however, that (x · c)(m. a) and (x · s)(m, a) are the real and imaginary parts. re,--pectively, of 

N-1 

Z(m. a)= L Xk exp(j(kmp + ak2 (At) 2
)). 

k=O 

which we re-write as 
N-1 

Z(m. a)= L Xk exp(ja:k2 (/lt) 2 ) exp(jkmp). 
k=O 

We can compute the Z(m. a:) by forn1ing the vector 

X _ (x l'· Pja(~t)z X ej4a(~t!z . x ej(N-1) 2 a\~t) 2 )T a - ·0· _- · 2 .... · N-1 
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and taking the inverse Discrete Fourier Transform of Xa. The real and imaginary parts of the mth component of 
the transform of Xa will give (x · c)(m, a) and (x · s)(m, a) respectively. 

We also have to compute c · c, c · s and s · s. These will be functions of w and a. and we will use the 
notation ( c . c) (m, a), ( c · s) (m, a) and ( s · s) (m, a) to denote the value of these inner products when w = m/ N l:!.t, 
m=O, ... ,(N-1). 

The double angle formulae for the sine and cosine give 

N-1 

(c · c)(m, a) = '2: cos2(kmp + ak2 (l:!.t) 2
) (44) 

1.:=0 

= ( 

N-1 ) 
N + ~ cos(2(kmp + ak2 (f:l.t) 2

)) /2, (45) 

N-1 

(c·s)(m,a) = L cos(kmp+ak2 (!:!.t) 2 )sin(kmp+ak2 (l:!.t) 2
) (46) 

k=O 

= (%;' •in(2(kmp+ ak2 (t.t)'))) /2, (47) 

and 
N-1 

(s·s)(m,a) = '2:sin2 (kmp+ak2 (.l:l.t) 2
) (48) 

k=O 

= (49) 

As before, the sums are the real and imaginary parts of 

N-1 

L exp(j2(kmp + ak2 (f:l.t) 2
)). 

1.:=0 

We perform another re-arrangement: 

N-1 2::: ej2(l:m,o+al:'(~t>'> N/2-1 N-1 = 2::: ej2(km,o+ak'(~t>'> + 2::: ei2(km,o+ak2 (~t>'> (50) 
l:=O k=O k=N/2 

N/2-1 N-1 = 2::: ej2al: 2 (~t) 3 
ej2kmp + L ej2ak2 (~t) 2 

ej2kmp (51) 
k=O k=N/2 

N/2-1 N/2-1 = L ei2ak2 (~t) 3 
ei2kmp + L ej2a(k+N/2) 3

(At)
2 
ei2ik+N/2)mp (52) 

k=O k=O 

N/2-1 
= L (ei2ak2 (~t) 2 + ej2a(k+N/2) 2 (~t)') ejkm2p. ( 53) 

l:=O 

This shows that the values of the inner products for m < N /2 are the componnents of an inverse Discrete 
Fourier Transform of length N/2. It is easy to see that the values of the inner products for m+ (N/2) are the 
same as those for m. 

It follows that all the inner products required to compute the values of the posterior density function for one 
value of a and N values of w can be computed with one N-point Fast Fourier Transform and one (N/2)-point 
Fast Fourier Transform. 

10 Simulation Results 
A program has been written to implement the algorithm described in the previous sections. It uses a FFT routine 
to compute the value of 

Y=X·X- ( X·C X·S ) ( C • C C · S ) -
1 

( X· C ) 
C•S S·S X·S 

(54) 
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for each value of wand a. It was fonnd that the matrix in the .equation above was occasionally singular, so, 
following a suggestion of Bretthorst (4], a small number was added to the diagonal elements of the matrix. This 
is equivalent to the use of a prior which gives more weight to small ·amplitudes, and has the effect of stabilizing 
the calculation. 

Figures 1 to 3 and Table I show the results of rnnning the program on simulated data. A chirped waveform 
with parameters w = 2.0 and a = 0.02 was generated. 512 samples were taken with f:J.t = 1.0. Figure 1 shows the 
waveform and the graph of the logarithm (to base 10) of the posterior density function. The peak of the function 
is more than five hnndred orders of magnitude above the background ! 

Table I illustrates the performance of the algorithm as white Gaussian noise is added to the signal. As the signal 
to noise ratio increases, the height of the peak decreases, but the estimates of the parameters do not change even 
when the SNR is -7 dB. Figures 2 and 3 show the waveform and the graph of the logarithm of the posterior density 
function when the SNR is 0 dB and -5 dB respectively. Increasing the SNR raises the level of the background. 

Logarithm of the 
SNR w & maximum of the 

posterior distribution 
No noise 2.000 0.02 575.71 

10 dB 2.000 0.02 461.12 
1 dB 2.000 0.02 117.99 
OdB 2.000 0.02 70.36 
-1 dB 2.000 0.02 63.45 
-2 dB 2.000 0.02 43.02 
-3 dB 2.000 0.02 29.67 
-4 dB 2.000 0.02 15.30 
-5 dB 2.000 0.02 9.54 
-6 dB 2.000 0.02 9.26 
-7 dB 2.000 0.02 7.01 

Table I: Estimates of base frequency and chirp rate of simulated waveforms. 

11 Conclusion 
The algorithm described in this paper is a sensitive yet computationally tractable method of detecting chirped 
signals in white Gaussian noise. It can be used both when the signal-to-noise ratio is low and when the chirp rate 
is close to zero. 
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Figure 1. Waveform and plot of log posterior density function for chirp without noise. 
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Figure 2. Waveform and plot of log posterior density function for chirp with added Gaussian noise. SNR 0 dB. 
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Figure 3. Waveform and plot of log posterior d~:1.>ity function for chirp with added Gaussian noise. SNR -5 dB . 
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